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^ ' Abstract. From the theory of finite dimensional Lie algebras it is known that 

Q every finite dimensional Lie algebra is decomposed into a semidirect sum of 

, semisimple subalgebra and solvable radical. Moreover, due to work of Mal'cev 

1 the study of solvable Lie algebras is reduced to the study of nilpotent ones. 

C " ' For the finite dimensional Leibniz algebras the analogues of the mentioned 

^SJ ' results are not proved yet. In order to get some idea how to establish the 

results we examine the Leibniz algebra for which the quotient algebra with 
respect to the ideal generated by squares elements of the algebra (denoted by 
' /) is a semidirect sum of semisimple Lie algebra and the maximal solvable 

' ideal. In this paper the class of complex Leibniz algebras, for which quotient 

, algebras by the ideal / are isomorphic to the semidirect sum of the algebra SI2 

■ and two-dimensional solvable ideal R, are described. 

> 
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. 1. Introduction 

Tjlj- ■ The notion of Leibniz algebra was introduced in 1993 by J.-L. Loday [7] as a 

generalization of Lie algebras. The last 20 years the theory of Leibniz algebras 
has been actively studied and many results of the theory of Lie algebras have been 
extended to Leibniz algebras. 

Due to Levi-Mal'cev's Theorem and results of Mal'cev in j8] the study of finite 
dimensional Lie algebras is reduced to nilpotent ones. From now on a lot of works 
, . ■ are devoted to the description of finite-dimensional nilpotent Lie algebras see, for 

; example, [5], [B], [TT]- 

' In fact, the nilpotency of a finite-dimensional Lie algebra is characterized by 

Engel's Theorem. In [6] the local nilpotency of Lie algebra over a field of zero char- 
acteristic, satisfying the Engel's n-condition it is proved. Further, E.I. Zelmanov 
[TTj generalized this result to global nilpotency of a Lie algebra with Engel's n- 
condition. In [S] the global nilpotency for the case of Leibniz algebra with Engel's 
n-condition was extended. 

An algebra L over a field F is called Leibniz algebra if for any elements x, y, z e i 
the Leibniz identity is holds true: 

[x, [y,z]] = [[a;,y],z] - 

where [— . — ] is multiplication of L. 
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Let L be a Leibniz algebra and / ~ ideal < [x,x] \ x Cz L > he the ideal of L 
generated by all squares. Then / is the minimal ideal with respect to the property 
that L/I is a Lie algebra. The natural epimorphism ip : L ^ L/I determines the 
corresponding Lie algebra L/I of the Leibniz algebra L. 

According to 5 a 3-dimensional simple Lie algebra L is said to be split if L 
contains an element h such that ad{h) has a non-zero characteristic root p belonging 
to the base field. Such algebra has a basis {e, /, h} with the multiplication table 

[e,h]=2e, [f,h] = -2f, [ej] = h, 
[h,e]^-2e, [h,f]^2f, [f,e]^-h. 

This simple 3-dimensional Lie algebra is denoted by SI2 and the basis {e, /, h} is 
called canonical basis. Note that any 3-dimensional simple Lie algebra is isomorphic 
to 5/2- 

The analogue of the Levi-Mal'cev's Theorem for Leibniz algebras is not proved 
yet. Moreover, for Leibniz algebra the situation when quotient algebra by ideal / 
is isomorphic to a simple Lie algebra is not clarified, as well. In this direction we 
know only result of the paper [lOj . where the Leibniz algebras, for which quotient 
algebras by ideal / are isomorphic to the simple Lie algebra SI2, are classified. 
In fact, Dzhumadil'dacv proposed the following construction of Leibniz algebras: 
Let G be a simple Lie algebra and M be an irreducible skew-symmetric G-module 
(i.e. [x, m] = for all x ^ G,ni G M). Then the vector space Q = G + AI equipped 
with the multiplication 

[x + m,y + n]^[x,y] + [m, y] , 

where m,n G M,x,y € G is a Leibniz algebra. Moreover, for this Leibniz algebra 
its corresponding Lie algebra is a simple algebra. 

In fact, the notion of a simple Leibniz algebras was introduced in [1], [2]. 

Leibniz algebra L is said to be simple if the only ideals of L are {0}, /, L and 
[L, L] ^ /. Obviously, in the case when a Leibniz algebra is Lie, the ideal / is equal 
to zero. Therefore, this definition agrees with the definition of simple Lie algebra. 

Note that the above mentioned Leibniz algebra is a simple algebra. It is also easy 
to see that the corresponding Lie algebra is simple for the simple Leibniz algebra. 

In this paper, we study the class of complex Leibniz algebras, for which its Lie 
algebra is isomorphic to the semidirect sum of the algebra SI2 and a two-dimensional 
solvable ideal R. 

The representation of SI2 is determined by the images E, F, H of the base ele- 
ments e, f,h and we have 

[E, H] = 2E, [F, H] - -2F, [E, F] = H, 

[H, E] = -2E, [H, F] = 2F, [F, E] = -H. 

Conversely, any three linear transformations E, F, H satisfying these relations 
determine a representation of SI2 and hence a s/2-riiodule. 

We suppose that a base field is the field of the complex numbers. Then one has 
the following 

Theorem 1.1. [5 For each integer m = 0,1,2,... there exists one and, in the 
sense of isomorphism, only one irreducible sl2-module M of dimension m + 1. The 
module M has a basis {xq,xi, ...,Xm} such that the representing transformations 
E, F and H corresponding to the canonical basis {e, /, h} are given by: 
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H{xk) = (m — 2k)xk, < fc < TO, 

F{Xm) = 0, F{xk) = Xk+l, < fc < TO - 1, 

E{xo) = 0, E{xk) = -~k{m + 1 - k)xk-i, 1 < fc < to. 

In |10) using Theorem 11.11 the authors described the complex finite dimensional 
Leibniz algebras whose L/ 1 is isomorphic to s^2- 

In this work, we consider the Leibniz algebra L for which its corresponding 
Lie algebra is a semidirect sum of sl2 and a two-dimensional solvable ideal R. In 
addition we assume that / is a right irreducible module over sl2- 

By verifying antisymmetric and Jacobi identities we derive that semidirect sum 
of 3^2 and a two-dimensional solvable Lie algebra is the direct sum of the algebras. 

Let {xq, Xi, . . . , Xm\ be a basis of / and {e, /, h\ a basis of 5/2- Thus, if / is a 
right irreducible module over SI2, then due Theorem 11.11 the products [/, 3^2] are 
defined as follows: 

[xk^ h] = (to — 2k)xk < fc < m, 

[xk,f]=Xk+i, 0<fc<m-l, 
[xk, e] = —k{m + 1 — k)xk-i, 1 < fc < m, 

where omitted the products are equal to zero. 

2. Leibniz algebras with associated Lie algebras SI2+R 

Let L be a Leibniz algebra such that L/I o:^ SI2 ® R, where i? is a solvable Lie 
algebra and {e,h,f}, {xo,xi, . . . ,Xm}, {yT, j • ■ • : y^} are the bases of SI2, I, R 
respectively. 

Let {e, h, /, xo, xi, . . . , Xm, 2/1, 2/2, • ■ • , J/n} be a basis of the algebra L such that 
i^(e) = e, ip{h) = h, ip{f) = J, ip{y^) = y-, I < i < n. 



Then we have: 



[e,h] = 


m 

--2e+J2 aihXj, 
3=0 

m 


[h, f]=2f + 


m 

E ^hf^j' 
3=0 
m 


[e,/] 


m 

3=0 

ni 


[h,e] = 


= -2e + E ai^Xj 

m 


[f,h] = -2f 

m 


+ E '^fh^ji 
3=0 


[/,e] 


3=0 

m 


[e, Vi] 


= E '^ij^j 


[f,y^]= E/ 


\jXj^ 


[h, Vi] 


~ E lij^j^ 
3=0 


[xk, h] 


= (m - 2fc)a;fc, 


< fc < TO, 








[XkJ] 


= Xk+l, 


< fc < TO - 


1, 






[xk,e] 


= —k{m -|- 1 — k)xk-i, 


1 < fc < TO. 









where I < i < n. 

It is easy to check that similarly as in paper [TU] one can get 

[e,/i] = 2e, [/»,/] = 2/, [ej]=h, 
[h,e]^-2e [f,h]^-2f, [f,e]^-h, 
[e,e] = [/,/] = 0, [h,h] = 0. 

Let us denote the following vector spaces: 

sl^^ =< e,h, f >, R^^ ^<yi,y2,...yn> ■ 

The following result holds. 
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Lemma 2.1. Let L be a Leibniz algebra with condition L/L sh © R, where R 
is solvable ideal and L is a right irreducible module over s/2 with m ^ 3. Then 
[sl^\R-^=0. 

Proof. It is known that it is sufficient to prove tlie equality for tfie basic elements 
of sZ^^ and R~^. Consider the Leibniz identity: 

[e, [e,yi\] = [[e,e],yi\ - [[e,yi\,e] = - [[e,y,],e] = 

m m 

= -J2 onji^j^e] = J2 i-'m-j - l))ayXj_i, 1 <i<n. 

j=o j=i 

m 

On the other hand, we have that [e, [e,?/i]] — [e, ^ aijXj] — for 1 < i < n. 

i=o 

Comparing the coefficients at the basic elements we obtain aij = for 1 < j < m, 
thus [e,2/i] = aifiXQ with 1 <i <n. 
Consider the chain of equalities 

m 

= [e, E PtjXj] = [e,[f,y^]] = [[e,f],y^] - [[e,?/,],/] = 

= [h,yi] - aifl[xo, f] = [h,yi] - aifiXi. 

Then we have that [h^yi] — ai^xi with 1 < i < n. 
From the equalities 

= [e, [h,yi]] = [[e,h],yi\ - [[e,yi\,h] = 2[e,yi\ - aifi[xo,h] = 

= 2ai^oXo - matfiXo = ai,o(2 - m)xo, 

it follows that atfi = for 1 < i < n. Taking into account that to ^ 2 we get 
[e, yi] = [h, yi] = with 1 < i < n. 
From the equalities 

= [/, [e,yi\] = [[/,e],y,;] - [[/,yj],e] = [h,yi\ - [[J,y^],e] = -[[/,yj],e] = 

j=o j=o 

we derive f3ij = for 1 < j < to. Consequence, [f,yi] = PifiXo, for all 1 < i < n. 
Similarly, from 

= [fAf,y^]] = {lfJly^] - [[f,y^]J] = [[f,y^]J] = 

we obtain [/, yi] = for all 1 < i < n. 

Thus, we obtain [e,yi] — [f,yi] — [h,yi] = with 1 < i < n, i.c [SI2 ,R^'^] = 
0. □ 



3. Leibniz algebras with associated Lie algebras s/2 ® R {dimR = 2). 

Let i? be a two-dimensional solvable Lie algebra, then from the classification 
of two-dimensional Lie algebras (see [5]) we know that in R there exists a basis 
{yT) ^2 } with the following table of multiplication 

[yi,y2] = W, [y2,yT] = -m- 
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In the case when rn ^ 3 and / a right irreducible module over SI2, summarizing 
the results of Lemma 12.11 we get the following table of multiplication: 



[h,e] = 
[xk,h] - 

[XkJ] - 


2e, 
-2e 

= (m — 2k)xk 

= Xk+l, 

- —k{m + 1 — k)xk-i; 


[hj]^2f, 

0<k<m, 

< A; < TO - 1, 

1 < k < m, 


[e,/] 


= h, 




j=o 


I <i<2, 






[ViJ] = 


m 

- E ^if^jj 


l<i<2, 






[yi,h] = 


m 

~ E ^ih^j^ 

j=o 


l<i<2, 






[xk,yi] 


m 

— E O-ljXj, 


<k <m, 


1 < i 


<2, 


[yi,y2] 


m 

= yi + E o-i2Xji 

rn 

= E a{xj, 
j=o 


[y2,yi] = -yi, 






[yi,yi] 


[y2,y2] = E a^xj, 
3=0 







(1) 



where {e, h, /, xq, xi, , Xm, J/ij 2/2} is a basis of L. 

Let us present the following theorem which describes the Leibniz algebras with 
condition L/I ^ 5/2 ® -R, where to ^ 3, n — 2 and / a right irreducible module 
over 5/2- 

Theorem 3.1. Let L be a Leibniz algebra with the condition L/L = sl2®R, where R 
is two-dimensional solvable ideal and L a right irreducible module over SI2 {m ^ 3). 
Then there exists a basis {e, /i, /, xq, xi, , a^m, 2/1, 2/2} of the algebra L such that the 
table of multiplication in L have the following form: 

[e,/i] = 2e, [/»,/] =2/, [e, /] - /i, 

[h,e]^-2e [f,h] = -2f, [f,e]^~h, 

[xk, h] = {m — 2k)xk < k < m, 

[xk,f]^Xk+l, 0<fc<TO-l, 

[xk, e] = —k{m + 1 — k)xk^i, 1 < fc < to, 

[2/1,^2] = yi [y2,yi]^-yi, 

[xk, 2/2] = axk^ <k <m, a e F 

where omitted products are equal to zero. 

Proof. Let L be an algebra satisfying the conditions of the theorem, then we get 
the table of multiplication (1). Further we shall study the product [/, i?^^]. 
We consider the chain of equalities 

m 

= [xi,[h,yi]] = [[xi,h],yi] - [[x,,yi],h] = {m - 2i)[xi,yi] - E o.\k\-^k,h] = 

k=0 

m m 7n 

— {m - 2i) ^ a\kXk - E ^ '2.k)xk = E — 2i — (m — 2k))xk = 

k=0 k=0 k=0 

m 

= E 2a\kik-i)xk, 

k=Q 

from which we have a^j, = 0, with < i < m and i ^ k. Thus, [0:^,2/1] ~ a\^Xi — 
auXi with Q < i < m. 
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Similarly, 

m 

= [Xi,[h,y2]] = [[Xi,h],y2] - [[xi,y2],h] = {m - 2i)[xi,y2] - E «2fc[^i'^] = 

m TTt m 

= (m - 2i) J2 4fe^i - E 4fc("^ - ^k)xk = J2 4fe('^ -2i-{m- 2k))xk = 

k=0 k=0 k=0 

m 

= E 2ai^{k-i)xk, 

k=0 

we get [xi, j/2] = (i2i^i — (^^iXi with < i < m. 

Prom the identity [xi, [yi,y2]] = [[xi,yi],y2] - [[Xi,y2],yi], we deduce 

m 

[xi,yi + E ai2Xk] = au[xi,y2] -a2i[xi,yi] ^ 

k=0 

[xt,yi] = aua2iXi - a2%aiiXi = 0, 

from which we have [xi, y\] = with < i < m, i.e. [/, yi] = 0. 

We consider the identity [xi, [1/2, e]] = [[xi, j/2], e] — [[a;,, e], 1/2] for < i < m. 
Then 

= a2i[xt,e] - {-mi + i(i - l))[a;i_i, j/2] = 

= a2i{~mi + i{i - l))xi^i - a2^t-i{-mi + i{i - l))xt-i = 
= -{-mi + i{i - l))(a2i - a2,i-i)a;j_i = 0, 
which leads a2i = 0,2,1-1 = o,, i.e. [xi, j/2] = axi with < i < m. 

Now we shall study the products [R~^,R~^] and 

Verifying the following 

m 

= [yi, E a{fXj] = [2/1, [2/1,/]] = [[yi,yi],f] - [[yi,f],yi] = [[yi,yi],f] = 

m . m— 1 . 

= E aiixjj] = E a{xj+i, 

we obtain aj = for < < m — 1, i.e. [yi, = ai'^Xm- 
Consider the equalities 

= [yi, [yi,h]] = [[yi,yi],h] - [[yi,h],yi] = [[yi,yi\,h] = a^[xm,h] = -ma^Xm, 

which deduce a™ = 0, hence [yi,yi] = 0. 
From the following identities 

= [2/2, [yi,h]] = [[y2,yi],h] - [[y2,h],yi] = -[yi,h], 

= [y2,[yiJ]] = [[2/2,2/1],/] - [[y2,/],j/i] = -[yij], 

= [2/2, [2/1, e]] = [[2/2, 2/1], e] - [[2/2, e], 2/1] = -[2/1, e], 

we obtain [yi, ft] = [j/i, /] = [yi,e] = 0. 

Using the above obtained equalities and the following 

= [2/1, [2/2,/]] = [[2/1,^2],/] - [[2/1,/], 2/2] = [[yi,2/2],/] = 

m m m—1 

= [2/1 + E a^2Xk,f] = E a'l2[xk,f] = E a'l2Xk+i, 

fe=0 fe=0 fe=0 

we get a\2 = with < i < m — 1. 
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Now from 

= [yi,[y2,h]] = [[yi,y2\,h] - [[yi,h],y2] = [[yi,y2],h] = 
= [yi + aYhXm, h] = -ma^Xm, 
we get = 0, consequently a^^ = for all < i < m, i.e. [2/1,1/2] = J/i- 



Thus, we obtain the following table of multiplication: 



[e,h\ = 2e, 
[h, e] = -2e 

[xk,h] = (to - 2k)xk 

[Xk,f] = Xk+l, 



[hj] = 2f, 
[f,h] = -2f, 
0<k<m, 
< k < m- 1, 



[e,f] = h, 
[f,e] = -h, 



[xk, e] = —k{m + 1 — k)xk-i, 1 < k < m, 



[y2,e] = E aL^j, 

3=0 

[?yi-?y2] = yi, 

[xk,y2] = axk, 



[y2, /] = E aifXj, [y2, /i] = E ai,,Xj, 

■ " 3=0 



3=0 

[j/2,2/i] = -yi 

0< k <m. 



[^2,2/2] = E aixj, 

j=0 



In order to complete the proof of the theorem we need to prove that [y2, 2/2] 
and [i?-\s/^^] = 0. 
Consider two cases: 



Case 1. 

Let a ^ 0, then taking the change of the basic element as follows 



2/2 =y2-2^—Xj, 
3=0 



we get 



[2/2', 2/2'] = 

= [2/2,2/2] - 



-fxj,y2- E -fxj 

3=0 3=0 



E ^Xj,y2 
3=0 



~ E 0'2-'^j E ^2'^j — 0, 

j=0 j=0 



which leads to [2/2,2/2] = 0. 
Consider 

= [y2,[y2,h]] = [[2/2,2/2],^] - [[2/2, /i], 2/2] = -[[y2,h],y2] = 

= - E aif,[xj,y2] = - E aihO'Xj, 
3=0 3=0 

which gives = for < j < m. 
Similarly from the equalities 

m . m . 

= [2/2, [2/2, /]] = [[2/2, 2/2], /] - [[2/2, /], 2/2] = - E «2/[a;j' 2/2] = - E aifO-Xj 

3=0 3=0 

= [y2, [2/2, e]] = [[2/2, 2/2], e] - [[2/2, e], 2/2] = - E a2e[a;j, ^2] = - E ai^axj, 

3=0 3=0 

we get a^j = flje = for < j < to,. Hence, 5^2"^] = 0- 

Thus, we proved the theorem for a ^ 0. 



8 



L.M. CAMACHO, S. g6mEZ-VIDAL, B.A. OMIROV 



Case 2. 

Let a = 0, then we consider the identity 

[y2, [y2, /]] = [[2/2, y2],f] - [[2/2, /], 2/2] 

and we derive 

m m—1 

= E d'H^i' /] = E ai^i+i =^ ai = 0, < i < m - 1, i.e. [y2, 2/2] = a"- 

j=0 j=0 

Prom the chain of the equaUties 

= [2/2, [2/2, /i]] = [[2/2,2/2],/!] - [[2/2, /i], 2/2] = a"[a;m,/i] = -ma^Xm, 

we obtain a™ = 0, that is [2/2,2/2] = 0. 

Let us take the change of the basic element in the form: 



III 

I _ _ \ ^ o^ 

^— ' — m /i 4- 



i-1 
2e 



Then 



■m j _ 1 

[ya', e] = [2/2, e] - E -m/+;-(j--i) t^J' ^1 = 
i=l 

= [2/2, e] - E + - = 

= E ^2e'^i ~ E ^^26 — 
m . m—1 

= E %e^J ~ E ^2e^j ~ 0'2e^m- 
j=0 j=0 

Thus, we can assume that 

[2/2 , e] = a2;a;,„ , [y2,h] = ^ a^f^xj , [2/2 , /] = ^ fXj . 

We have 

m 

[2/2, [e, /i]] = [[2/2, e], /i] - [[2/2, /i], e] = a^[a;„, /i] - E ^^/([a^j, e] = 

m 

= -ma^^Xm - E a'^hi-mj + i{j - l))xj-i. 

3=0 

On the other hand [2/2, [e, ft]] = 2[y2, e] = 2a2^a;m. 

Comparing the coefficients at the basic elements, we get = and a^f^ 

m 

where 1 < i < m. Hence, [2/2, e] = 0, [y2, /] = E ^2^0;^, [2/2, ft] = alh^o- 
Consider 

m 

[2/2, [e,/]] = [[2/2, e],/] - [[2/2, /],e] = - E aif[xj,e] = 

m 

= - E alf{mj+j{j - l))xj-i = 



On the other hand 



j=2 



[2/2, [e,/]] = [2/2, ft] =alhXo- 
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Comparing the coefficients, we obtain aSJ^^ ~ ma\f and — for 2 < j < m. 
Then we have the product [1/2 , /] 
Now we consider the equahties 

-2[y2,/] = [y2,[/, h]] = [[y2,f],h] - [[y2,h],f] = [a^fXQ + alj:Xi,h] - malf[xQj], 

and we have 

~2a2fXQ — 2a\jXi = ma^^Xf) + a\j{m — 2)xi — ma\jXi — 0. 

Therefore, [2/2,/] — a\fXi and [2/2,/*] = ma\fXQ. 
Taking the change y2 = y2 — 02/^01 we obtain 

[^2',/] [y2,/] - = 4/2^1 - 4/2^1 = 0' 

[2/2', /i] = [2/2,^] - a\f[xo, h] = malj:Xo - ma\jXo = 0. 
Thus, we have [i?^^, sZj"^] = which completes the proof of the theorem. □ 

In the case when the dimension of the ideal / is equal to three, we get the family 
of Leibniz algebras with the following table of multiplication: 





2e, 


[hj] = 2f, 




h, 


[Ke] = 


-2e 


lf,h]^~2f, 




~h, 


[xi,e\ = 


= -2x0 


[x2,e] = -2x1, 




= Xl, 




= X2 


[xq, h] = 2xq, 


[X2, h] 


= -2X2, 


[e,2/i] = 


-- Axq 


[f,yi] = 5Aa;2, 


[h,yi] = 


= Axi, 


[e,2/2] = 


-- [IXq 


[f,y2] = ^f^X2, 


[h,y2] = 


= /iXi, 


[2/1,^2] 


= yi 


[2/2,2/1] = -2/1, 


[2/2,2/2] 


_ ab 


N,2/2] 


= axo 


[a;i,2/2] = aa;i. 


[2:2,2/2] 


= ax2. 


[y2,e\ = 


: hx\ 


[2/2, /i] = bx2, 







Verifying the Leibniz identity to above family of algebras, using a program in 
the software Mathematica [3], we get the condition A(l — a) = 0. 
Taking the change in the form 2/2' = 2/2 + ^^2 we obtain 

[2/2', e] = [2/2 + |a:2, e] = [2/2,6] + |[.T2, e] = bxi - bxi = 0, 

[y2',h] ^ [y2 + |x2,/i] = [y2,h] + |[x2,/i] = bx2 - bx2 = 0, 

[2/2', 2/2'] = [2/2 + ^X2,y2 + \x2\ = [2/2,2/2] + |[a;2,2/2] = -f ^2:2 + ^bX2 = 0. 

Thus, we can assume that [2/2'e] = [2/2', /i] = [2/2', 2/2'] = and we have the family 
of algebras L(A, ^, a). 



[e, /i] = 


2e, 


[^/] = 


2/, 


[e,/] = 




[/i,e] = 


-2e 


[/,/^]- 


-2/, 


[/,e]- 


= 


[xi,e] = 


= -2xo 


[2^2, e] = 


-- -2x1, 


[2^0,/] 


= 2:1, 


[2^1,/] = 


= a;2 


[xo,/i] = 


= 2x0, 


[x2,/l] 


= -2x2, 


[e, 2/1] = 


= Axo 


[/,2/i] = 


= ^AX2, 


[^, 2/i] 


= Axi, 


[e, 2/2] = 




[/,2/2] = 


= 5AfX2, 


[/», 2/2] 


= AfXi, 


[3^0,2/2] 


= axQ 


[2^1,2/2] 


= axi, 


[2^2,2/2' 


1 = a2:2. 


[2/1,2/2] 


= 2/1 


[2/2,2/1] 


= -2/1, 
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with the condition A(l — a) = 0. 

Theorem 3.2. Let L be a Leibniz algebra such that L/ 1 ^ sl2®R, where R is a two- 
dimensional solvable ideal and I is three-dimensional right irreducible module over 
sl2- Then algebra L is isomorphic to one of the following pairwise non isomorphic 
algebras : 

L(1,0,1); L(0,l,a); L(0,0,a), with a <E F. 

Proof. Similarly as above we derive A(l — a) — 0. 

Let A ^ 0, then a ~ 1. By change yi — jyi, y2 — — ^Z/i + 2/2 we deduce 



[e,yi'] 












[/,yi'] 


= [e, j2/i] = 


^\X2 


~ 2^2, 








\^[K{y{\^ 


iAxi ^ 










= [e.-^yi ^ 


-2/2] = 




[e,y2] = ^ 


-^Axo + /ixo = 0, 


[/,y2'] 


= [/,-fyl- 


^^2] = 


-^[/,yiH 


- [/, 2/2] = 


-^Aa;2 + \tiX2 = 




\^[K-^yi- 


f 2/2] = 


-$[/»,yi]- 


^ [/l,2/2] = 


— ^\xi + /ixi = 0. 



Thus, we can assume that A = 1 and /i = 0. Hence, we get the algebra 

L(1,0,1) 

If A = 0, then in the case when /i ^ by scale of basis of / we can suppose that 
^ — \, i.e. we obtain the algebra L(0, 1, a). 

If A = 0, then in the case when = we get the algebra L(0, 0, a). 

Pairwise non isomorphismness of these algebras we obtain by using the program 
in Mathematica [4J. The theorem is proved. □ 

Analyzing the above obtained results we can formulate 

Conjecture: Any Leibniz algebra is decomposed into semidirect sum of its 
corresponding Lie algebra and the ideal I. 
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